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Abstract: 

Several  classes  of  distribution  functions  (d.f.)  are  originated  by  considering 
distributions  whose  tail functions  satisfy  special  asynptotic  relations.  A  large 
class  sharing  this  property  is  provided  by  the  subexponential  class  9.  in  which 
case  the  asysiptotlc  relation  Involves  tails  of  convolution  powers. 

In  this  paper  we  Introduce  a  statistic  which  estimates  the  asymptotic  behaviour 
of  convolution  tails  of  a  given  d.f.  and  we  show  that  this  statistic  is  strongly 
consistent  and  asysq>totlcally  normal  under  appropriate  conditions.  Furthermore, 
the  statistic  can  bo  used  to  test  the  hypothesis  that  a  d.f.  is  in  if. 
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L  Introduction 

We  work  with  distribution  functions  (d.f.)  F  which  satisfy  F(0-)=0  and  F(x)  <  1 
for  every  x  e  R.  We  use  *  to  denote  the  usual  convolution  product,  l.e.  the 
convolution  powers  of  F  are  given  as  F*^(x)  .  J^F(x-y)dF(y) ,  p*1*^*11  *«F, 
n=l,2,,..  and  F  =  6f,.  the  d.f.  of  the  unit  mass  at  zero.  Throughout  the 

paper,  the  tailfunction  of  a  given  d.f.  G  will  be  denoted  as  G.  i.e.  F  =  1-F, 

P*n  ,  p**n 
F  =1-F  etc.... 

We  now  define  the  class  9  of  subexponential  distributions. 

Definition  1.1 

A  d.f.  F  is  called  subexponential  (F  t  if)  iff 


(11) 


Urn 


rw 

F(x) 


for  some  integer  m  i  2. 


It  is  well  known  that  if  (1.1)  holds,  it  holds  for  all  Integers  m  £  2  (see  [2]). 
The  class  5/  was  introduced  independently  by  Chlskyakov  [2]  and  Chover  et  al. 

[3].  Both  authors  used  this  type  of  d.f.  to  model  the  lifetime  distribution  in 
a  subcritical  branching  process  in  order  to  determine  the  asymptotic  behaviour 
of  the  mean  population  size  [2]  [4]. 

Chover  et  al.  [3]  also  introduced  the  class  SD  of  densities  corresponding  to  the 
d.f.  in  definition  1.1 


BtfinUlWl  L2m 

A  probability  density  f  >  0  is  subexponential  (f  t  SD) 
(1.2)  (i)  lim  *  1  for  every  y  e  R 


x2. 


(1.3) 


<“>  u*  “  2 


X 

Here  x  denotes  density  convolution,  i.e.  f  x  g  «  XQf (x-y)g(y)dy  and  should  not 
be  confused  with  «. 

It  is  clear  by  de  l’Hopltals’  theorem  that  if  a  d.f.  F  has  a  density  f  t  SD. 
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also  F  e  f. 

Ever  since  they  were  originated,  the  classes  ?  and  SD  have  been  studied 
extensively  by  a  numer  of  authors,  such  as  Teugels  [2],  Pitman  [17],  Lmbrechts 
and  Goldie  [8],  [9],  Cline  [6],  Cmey  and  Vlllekens  [14]  [15].  Since 
subexponential  d.f.  characterize  a  certain  tall  behaviour  of  compound 
distributions,  applications  of  the  previously  defined  classes  may  be  f r  „nd  in 
various  domains  of  stochastic  processes,  see  e.g.  [10]  [12],  [24]  and  references 
therein. 

Because  of  the  convolution  power  in  definition  1.1  it  is  often  very  hard  to 
check  if  a  given  d.f.  satisfies  (1.1).  Sufficient  conditions  for  membership  of 
Sf  only  in  terns  of  the  fall  of  F  are  known  [6]  [11],  but  require  an  analytical 

expression  for  F.  If  a  d.f.  is  only  known  through  a  finite  number  of 
observations,  it  is  impossible  with  the  present  theory  to  decide  whether  this 
d.f.  is  subexponential  or  not.  Such  situations  frequently  arise  in  some  applied 
stochastic  models  such  as  queuing  and  risk  theory,  see  [13]. 

In  this  paper,  we  are  concerned  with  developing  a  statistical  approach  to 
subexponent iallty,  in  the  sense  that  we  want  to  define  a  statistic,  based  on  a 
given  sample  Xj.X^. • . . .X^.  which  gives  us  valuable  information  to  decldt  whether 
the  underlying  d.f.  is  subexponential  or  not. 

In  the  next  section,  we  introduce  a  statistic  which  reflects  the  subexponential 
property  of  its  corresponding  distribution.  In  section  3  we  prove  that  the 
statistic  is  strongly  consistent  while  section  4  is  devoted  to  the  asymptotic 
normality.  Finally  section  5  contains  some  comments  and  concluding  remarks. 
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2,  Definition  of  the  statistic 

Let  X^,X2>>*-.Xn  be  a  sequence  of  Independent  identically  distributed  (l.l.d.) 

random  variables  with  d.f.  F.  and  denote  by  X. .  i  ...  £  X  .  the  order 

l  •  n  n  •  n 

statistics  of  the  sample.  The  following  statistic  is  the  sample  version  of 
(1.1)  and  seems  a  plausible  choice  to  describe  aubexponentiallty : 


H  (x) 

nv  7 


CV) 


n 


F  (x) 
n'  7 

Here  F  denotes  the  empirical  d.f.  based  on  Xt 
n  l 

1  i  i  i  n:  X^w)  >  x}. 


V*r 


,X  and  A  (x)  =  (u:  3i : 
n  nv  7  1 


Notice  that  the  indicator  function  1^  is  necessary  to  make  sure  that  H  (x)  is 

n 


well  defined. 

Since  Hn(x)  is  a  ratio  of  V-statistics  (see  [20] ),  and  1^  ,  .  -*  1  almost  surely 

n'*7 

(a.s.)  for  fixed  x,  we  get  that 


lia  Hr(x)  * 


Hx) 

F(x) 


a.s.  for  fixed  x. 


In  order  that  Hr(x)  can  give  a  meaningful  description  of  the  subexponential 
behaviour  of  ?.  we  have  to  let  x  -*  •».  which  gives 

lia  lia  Hn(x)  «  2  iff  F  e  *. 


This  relation  shows  that  H  contains  information  about  !/,  but.  is  in  a  sense 

n 

useless  because  of  the  two  Units.  One  way  to  solve  this  problem  is  to 
substitute  for  x  a  deterministic  sequence  (xn)R  and  letting  n  -*  •.  In  this  case 

however,  the  remaining  statistic  depeuds  on  a  parameter  which  has  to  be  chosen 

* 

artificially  and  it  turns  out  that  this  parameter  rather  heavily  depends  on  the 
d.f.  F.  which  is  generally  unknown  (see  [24]). 

le  therefore  propose  to  replace  the  deterministic  sequence  by  a  random  sequence 
by  taking  for  each  n  one  of  the  observations,  which  t.lwout  surely  tends  to 
Infinity  u  n-»« 
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If  w«  choose  for  each  n  the  intermediate  order  statistic  X  ,  :n  with  k  -*  ® 

n-K  n 

n 

k 

but  -2-  -*  0,  then  H  (X  .  reduces  to 
n  n  n-K  • n 

n 

1 

.  :n>  *  — 

n 


1  I(Xi  +Xi  Xt  *  Xn-k  :«> 

k  ,n*-i  c.  a  n  -  * 


n 


c  i  z  m  n 

where  2  denotes  the  summation  over  all  m-tuples  (1*.  ...i  )  consisting  of  m 
c  *  1  " 

elements  of  {1 . n}. 

We  now  slightly  iKxlify  H  (X  .  .  )  by  removing  the  sum  over  all  sr-tuples  which 

n  n-K  • n 
n 

at  least  contain  two  equal  integers.  This  will  not  affect  the  asymptotic 

behaviour  because  their  contribution  to  the  whole  sum  is  of  a  smaller  magnitude 

than  the  sum  of  the  remaining  terms.  Finally  changing  the  normalizing  constant 

a  little,  we  end  up  with  the  statistic  we  will  discuss  in  the  next  sections: 

(2.1)  U  (X  ,  )  :«  g--i-2  I(X.  ♦  X.  +...♦  X.  >  X  .  .1. 

n  n-k_ • n  kn  (n}  c  ij  i2  i.  n-knn 


n 


Here  2  stands  for  the  sun  over  all  combinations  of  n  distinct  el 
c 


nts  out  of 


(1. 


.n}. 


Clearly  for  each  fixed  x,  —  U  (x)  is  a  U-statistic  and  it  seems  irresistable  to 

n  n 

use  the  well  known  asymptotic  theory  for  U-statistics  [20]  in  order  to  determine 

the  behaviour  of  U  (X  .  .). 

n  n— k  -  n 
n 

However  the  presence  of  (X^  ^  >r)  makes  the  kernel  stochastic  and  n-dnpendent, 

n* 

so  that  U  (X  .  .  )  is  in  fact  a  U-statistic  with  an  estimated  parameter,  see 
n  n-K  •  n 
n 

[16],  [18].  Asymptotic  normality  of  such  statistics  wus  studied  among  others  by 
Randles  [18].  His  nsthod  however  is  only  valid  when  the  estimated  paiameter  Is 
constant,  while  in  our 


X.  .  .  is  (under  the  appropriate  condltionc)  a 
n-K  •  n 

n 

consistent  estimator  for  x  .  where  x  is  the  intermediate  population  quantile. 

n  n 

k  k 

given  by  the  equation  F(xft)  •  — .  And  since  —  «♦  0,  x„  -*  •». 

In  the  next  sections  we  adapt  and  modify  Randles  method  to  make  it  work  in  our 
case.  The  basic  tool  in  establishing  this  is  an  a.s.  Bahadur  represen  tat  ion  for 
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.  .  This  is  provided  by  Watts  [23]: 
n-K  •  n 
n 

let  F  be  a  d.f.  such  that  or  an  Interval  (c.«*).  c  >  0,  F'(x)  »  f(x)  and  f  ‘  (x) 
exist  with  f(x)  >  0,  and  suppose  that  there  is  a  constant  X  and  a  function  V 
with  V(x)  >  0(x)  (xh»)  such  that 


<2-2>  vflfa  <»  “• 

for  large  x.  where  y  *  o(V(x))  (x  -»•).  Define 

L(x.y)  :*  sup{f(z)  |  |z-x|  £  y }  and  M(x.y)  :a  lnf{f(z)|  |z-x|  £  y> 

and  a* suae  whenever  y  »  o(V(x) ) , 

(2.3)  and  M(xXy)~  re«nain  bounded  as  x  -*  •. 

^  kn  kn 

Then,  under  (2.2)  and  (2.3).  for  any  sequence  k  with - -*  0  and  —  a—  -*  •, 

n  n  < 

log  n 


(2.4) 


n-k  :n 
n 


n 


w  - 

nf<xn> 


n 


♦  R 


where 


F(x„) 


n 

n 


and 


1  1/4 

(2.5)  Rn  a  0((kn  log  n)17’  /nf(xn))  as  n  -*  »  with  probability  one. 

Before  we  proceed  investigating  the  properties  of  .  n).  w®  first  show 

n 

that  the  conditions  (2.2)  and  (23)  are  satisfied  for  a  large  subclass  of 
subexponential  distributions.  Also  notice  that  every  d.f.  F  In  V  is  close  to  a 


subexponential  d.f.  G  (in  the  sense  that  F(x)  G(..)  (x  -*•))  with  G  infinitely 
many  tlaes  differentiable  [19],  so  that  it  is  no  loss  of  generality  to  assuae 
that  the  derivatives  of  F  exist. 

We  need  the  following  class  of  functions  which  generalizes  properly  the  cliss  of 
slowly  varying  functions  (see  [1]):  L  e  06V  iff  there  exist  absolute  constants 
0  <  c  £  C  <  •  such  that  for  every  t  1  1. 


W -4$-  * c  <  *• 


0  <  c  £  lia  inf 


Theorcn  2  A 

Let  F  t  y  and  L  e  OSV  auch  that 
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(2.6) 


F(x)  -  exp  -  xa  Xj  ^  dy  (0  i  a  i  1). 


Assume  that 
( 1 )  1  la  sup 

(it) 


1-a 


L  - *-|  <  •  If  a  >  0 

tf*  if1  «*y)2 

L  Is  bouixled  away  from  0  and  lia  sup  [xL‘(x)|  <  •  If  a  •  0. 


Then  (2.2)  and  (2.3)  are  satisfied. 


Proof. 

Since  V'1  : m  Jltl-  -xa_1(o^  ^dy  ♦  L(x)>  _  ax®-1/^  dy  ifaX) 

(2.7)  F(x) 

»  x_1L(x)  if  a-0 

it  is  clear  that  the  first  property  in  (2.2)  is  satisfied. 

First  consider  a  >  0:  with  the  expression  for  in  (2.7).  it  is  easy  to  see 

that  F(x  ♦  o(Va(x)))  ^  F(x)  (*-*)  and  then  (2.3)  follows  immediately  from  the 
regular  variation  of  Vq  and  (2.7). 

To  show  the  second  part  of  (2.2).  It  is  sufficient  to  prove  that  j £  |  is 

bounded,  which  is  satisfied  by  (i). 

If  and).  VQ(x)  ■  qr-j  •  0(x)  since  L  is  bounded  away  f rom  zero. 

The  same  reasoning  as  for  the  case  a  >  0  completes  the  proof.  □ 


Buuki 

1.  Clearly  the  representation  in  (2.6)  contains  all  important  archetypes  of 
subexponential  d.f.  However,  since  L  is  bounded  from  below  if  a  ■  0.  it  always 
iaplles  that 

(2.8)  F(x)  -  o(x"e)  (xh.) 

for  some  t  >  0.  such  that  (2.6)  does  not  cover  d.f.  with  slowly  varying  tails. 
This  is  not  surprising  as  such  distributions  generally  violate  the  first 
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condition  in  (2.2).  see  e.g.  [7]. 


2.  Clearly  (2.3)  leplies  that  F(x  ♦  o(V(x)))  ■  0(F(x))  (x-*»),  whereas  the 

representation  in  (2.6)  gives  that 

(2.9)  F(x  ♦  o(V(x)))  F(x)  (xna). 

This  somewhat  stronger  condition  will  be  used  in  section  3. 


3.  Strong  consistency  of  Un(Xn_k  ,n) 

n 

Theoree  3.1.  Let  . . . .Xn  be  a  sequence  of  l.i.d.  randoa  variables  with 

d.f.  V  and  let  F'  -  f  a  SD.  Suppose  that  (2.2).  (2.3).  (2.8)  and  (2.9)  are 


satisfied. 


If  (k  )  is  a  regularly  varying  sequence  such  that  —  0  and  k /log  n  -* 

i«  n  n  n 

U  (X  ..)-»! 
n'  n-k  : n ' 


•*.  then 


a.s. 


Proof.  Froai  the  a.s.  Bahadur  representation  in  (2.4)  and  the  law  of  Iterated 
logarithm  for  triangular  arrays  [5].  we  easily  obtain  that 


a.s. 


n-k  :n 
n 


xn  *  Tn  +  *„ 


h(n) 


a.s. 


where  T 


^nloglog  kn/nf(xn) 


nf<V 


(**-"•)  . 


and  R  is  aa  in  (2.5). 
n 

It  is  therefore  sufficient  to  show  that 

Un(h(n))  -*  a  a.s.  as  n-*». 

k  ^  k 

Let  -  -  —  Un(x)  denote  the  projection  ot  the  U-statistic  — —  Un(x)  0X1 

observations  ([30,  p.  187]).  then  one  easily  calculates  with  the  net hod  of  [20, 

p.  182]  that  for  every  n  i  a. 
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V  2  «* 

(3.1)  f  [j]  E{Un(x)  -  Un(x)}2  -  (F""(x))2  ♦  (F^x)  -  «F(x)> 

»  * 

-  (?^"l(x-y))2dF(y)  - 

o(F(x))  (x  -  -). 

The  last  step  follows  fro*  tha  fact  that  f  t  SD  and  [14.  lsssss  3.1.1].  From  the 
first  condition  in  (2.2).  we  have  for  n  sufficiently  large  that 

S  :  *I  V(Xn) 

nf<xn>  ^ 

Fur  the  more,  (2.8)  laplles 

~*krm0\[ 

Since  kn/lo*3n  -*  •.  we  have  that  Tn  ■  o(V(xn))  (n  -♦  ®).  and  since  R^  ■  °(Tn) 

(n  «*  •) ,  we  obtain  that 

(3.2)  h(n)  ■  xR  o(V(xn))  (r.  -•  •)  . 

Together  with  (3.1)  and  (2.9).  this  tallies  that 

E{Un(Mn)))  -  Un(M«»>2  *  of-Ft^n)j  1  .  0[_JLj  („  -..) 

kn  *  n 

and  since  log°n  »  o(kn)  (n  -*•),  it  follows  f roe  Chebychev's  inequality  and  the 
Bore  1 -Quite!  11  leans  that 

(3.3)  Un(h(n))  -  Un(h(n))  -  0  a  s.  (n-»-). 

Froe  (3.2)  and  (2.9)  we  have  that  ?*(h(n))  ~  aF(xn)  (n-s»)  such  that  with  (3.3). 
the  proof  is  finished  if  we  can  show  that 


(3.4) 
Now 

(3.5) 


Vh(n»  ‘  P  F**(Mn))  -»  O  a. s.  (ih»). 

r".w  *  ?  5  i~‘(x  -  *,)  -  (»-i)  ?-(x, 
1*1 


so  that 
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E{Un(h(n))  -  F  (h(n))} 


{£  (F*~l(h(n)  -  y))2dF(y)  -  (?*(h(n)))2) 


(36) 


_2  _ 


F(h(n))  (nn.) 


m2 


(n-*»). 


As  In  (3.1).  (3.6)  follows  fro*  the  fact  that  f  a  SD  and  [14.  lews®  3.1.1]. 
Taking  a  >  1  arbitrary,  and  putting  n^  ■  [a*].  <>1,2.....  it  follows  from  (3.6) 
and  the  Borel-Cantelli  lews®  that  (3.4)  holds  if  the  limit  is  taken  over  the 
subsequence  ( n^)^ .  Our  aim  however  is  to  let  a  •*  1  and  to  prove  convergence 
over  the  whole  sequence. 

Take  n  >  0  arbitrary  and  let  t  *  <(o,n)  be  such  that  [o*]  £  n  <  [o^+*].  Without 
loss  of  generality  we  any  assume  that  the  sequence  (h(n))R  is  monotone  non 
decreasing,  such  that 


(37) 


with 


i,  O(o 5  u„(h(n))  -  r  ^(»(n»  i  t2,0(‘) 


1 2,0(<)  -  g-  J  (^‘(MCo'])  -  X,)  - 


n  i-1 


1l.o(t)mr  *  (F^^hCo^1])  -  Xt)  -  ?**(h[o€]))}. 
n  1*1 


l2  a(*)  •  f-  2  {?^l(h(Ca«])  -  Xt)  -  ^(MCo1]))) 
n  i«l 

*  "X-*  ?*(h(C"t]))  " 

Clearly  the  first  ter®  in  the  right  hand  side  tends  a.s.  to  zero  as  <-*«*. 
Since  f  e  SD,  the  second  ter®  is  asymptotically  equal  to 

^2-  (?(»([<>']))  -  -  .2(1  -  k  >  g-  •  ^ 

n  [o  ]  [a  ]  n  [o  ] 

Since  (kn)n  1*  *  regularly  varying  sequence,  we  then  have  that 
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11m  lire  I0  (*)  »  0. 
o-»l  t-*>  *'a 

The  same  treatment  for  Ij  g(i)  and  (3.7)  Imply  (3.4).  This  completes  the 
proof .  D 


4.  Asymptotic  normality  of  U  (X  ^  .  ). 

n 

For  proving  asymptotic  normality,  we  use  the  following  smoothness  condition 
which  is  somewhat  stronger  than  f  e  SD: 


(4.1) 


f  (x) 


Clearly  from  de  l’Hopital’s  theorem,  (4.i)  implies  f  e  SD. 


Theorem  4.1. 

Let  . a  so<luenc*  i-i-d.  random  variables  with  d.f.  F  and  let 

F'  =  f.  Suppose  that  (2.2),  (2.3)  and  (4.1)  are  satisfied.  If  (k  )  is  a 

kn  3 

sequence  such  that  — - »  0  and  k  /log  n  -»  “  and  if  F(x  )  =  k  /n,  then 

n  n  n  n 

f  ?""(*)  1  d  , 

* n  J - —  -»  (0.4»2) 


n  I  nv  n~kn:nJ 


F(x„) 


Proof 

For  the  proof  of  the  theorem  we  follow  Randles  [18]  and  we  split  up 

JTUn(Xn-k  :n)  '  ***<**»>  =  A^m.n)  +  ^(m.n)  where 
n 

(4.2)  A.(m.n)  =  —  U  (x  )  -  F^x  )  +  F^X  .  .  )  -  F*"(x  ) 

lv  7  n  nv  n7  v  n7  v  n-k  :n7  v  n7 


(4.3)  A0(m.n)  =  —  U  (X  .  .  )  -  F^X  ,  .  )  -  —  U  (x  )  +  F^x  ). 

2V  ’  n  nv  n-k  :n7  v  n-k  :n7  n  nv  n7  v  n7 

n  n 

Each  of  the  terms  Aj(m.n)  and  Agfm.n)  J 1 1  be  considered  in  a  separate  lemma, 
and  the  proof  of  theorem  4.1  follows  immediately  from  a  combination  of  both. 


Lse»_A*2 

Under  Che  conditions  of  theorer  4.1. 
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(4.8)  -a-Ajl.-n)  •  2  '  ?'"(xn)  *  I(X1  >  xn)  '  F(xn)> 

1  1.  1*1 


f^"^)  f1*  f  log*n*l/4« 

♦  (_!T^r  ■  *> '  V11  -tt^t  0((-v')  1 


r<Xn  *  V  nf?x  r»  F(xi>> 


f(v> 


•  <U— *— )  ♦  °D(l_ir 
*  " 


F<xn'.l/2 


)  !  (ih»). 


Since 

Var<F"","1(xn-X1)  +  I(Xj  >  xR)} 

*  (?^"l(xn-y))2dF(y)  +  3F(xn)  -  (F**(xn)  +  F(xn))2 

~  F(xn)  (1+3) 

4*k 

0~>- 

and  since  all  remainder  teraa  In  (-4.8)  tend  to  zero.  It  ii  easy  to  see  by  the 
central  Halt  theorea  for  triangular  anays  (5]  that  the  desired  limit  law  for 
A^a.n)  holds.  This  coapletes  the  proof.  0 

Lena  4.3. 

Under  the  conditions  of  theorea  4.1, 

_  P 

(4.9)  - ^(a.n)  ■+  0. 

Proof 

Denote 

h(x.  ,x.  . x  :q)  :*  I(x.  +  x.  ♦ . ♦  X  >  q)  -  ^(q) 

*1  J2  a  1  2  a 


and  put 
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Qn(s)  := 


—  "FT  2{h(x  ,x . X1  :  xn  +  nf (x  )3*  ~  h^xi1,xi9 . X1  :xn^* 

i  |m  i  c  12  m  n  12  m 

In  this  notation,  (4.9)  is  equivalent  to  showing  that 

nf(x )  P 

nv  _  v  n-K  :n  n " 

vfe  n 

n 

By  (4.5),  it  is  therefore  enough  to  prove  that  for  some  bounded  interval  C, 


(4.10) 


for  every  t  >  0. 


F(sup  Q  (s)  >  e)  -*  0  (n  -*  *»). 
seC 


The  way  to  show  (4.10)  follows  more  or  less  the  same  lines  as  the  proof  of  [21. 
Theorem  3.1]. 

We  first  investigate  the  differences  of  the  kernel  h‘  for  0  $  s  <  t, 

(4.11)  E|h(Xvxl2 . Xj^;xn  4  •  t)  -  h(xvxl2 . x^Xn  ♦  )  I 

*  ‘  V'  •  +Xi  *  Xn  +  WT>  +  F""(Xn  +  H?F7  ‘ 

v  n'  1  m  v  n'  n# 

-  F"X  +  HfTxT  S»  =  2  *  -ZfkjSl  fl4m(xn  +  l^TT  *  U>  du 


^ci*T 

where  Cj  >  0  is  some  absolute  constant. 


(t-s) 


For  6  >  0  and  Integer  r  to  be  specified  later,  define 


n  1 


Vr(‘>  :=-=|j  . *’ 


Then 


(4.12) 


-h(x  x  ...x  :x„  *  ^  r.f)(. 

12  m  '  n' 


Vs>  -  <WS>  +  W6’ 
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First  cons id* r  g(r6).  Then 


<o<r*>  FF”E<h(X«1 . Xi„!Xn  *  H7^TrS)  -  h(xi, . 


Xia*n^ 


. -ni %-J  *  r6>  -  . \\»- 

Consider  all  tense  with  t  i  a  equal  coaponents,  than  by  the  boundedness  of  h  and 


(4.11).  the  contribution  of  these  tones  will  be  saaller  than 


_  n2  1  .  n  .  ,  1-#  flr 

C2  rTO  (2a-«>  —  rfi  ~  c2  n  — 


‘°W 


M. 


If  t  »  0.  obviously  the  expectation  of  the  product  is  zero,  so  we  way  write 


E  <£„  (r8)  S  c3  •  -51- 


isplylns  that 


(4.13) 

We  now  treat  r(s). 
Denote 


%'0ir6)  -»  0  as  n-**. 


^  vie 

^  _ e  /  v  .v  y _  i  ^ 


Hr.n<Xi, . X1  >  *  :<*»  *  ST[irTr6  i  V  ‘  *X»  <  VSfiRn^W 

la  n  la  n 

A  A 


+  F<*„  ♦  HTITT^W  -  F<*„ +  Sffrr8> 


then  by  (4.11). 


(4.14) 


f*,JV,<,)IS-=lKr?ar..'Sl, . Xi  > 


r61s<(r+l)6 


i  Dn  +  2-c,  •  8 


where 


Dn  *  “  •  M  1  "W*!, . *>  1  ‘  EW\ . Xi  » 

^cn  UJ  c  1  *  la 

In  the  saae  way  as  for  Q  (rfi) ,  one  can  show  that  ED 2  -*  0  so  that  D  *+  0. 

n.o  n  n 


Now  let  C  be  any  bounded  set  In  It  and  let  e  be  arbitrary. 
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Choose  6  *  e/8stc. ,  Chen  C  C  U  [rfi,  (r+l)5)  with  K  a  finite  set  of  integers. 
1  “  rtK 


By  (4.12), 


such  that 


sup  Q  (s)  i  sup  {  sup  Q  (s)  +  Q  _(r6)} 
stC  ^  reK  rfi*s<(r+l)«^,r  ™ 


P(sup  Q(s)  >  e)  $  (#{K)){P(  sup  |Q  (s) |  >  e/2)  +  P(0  (r6)  >  e/2)). 

stC  r5£s<(r+l)fi  ^,r  Ti,° 

Then  by  (4.13)  and  (4.14). 


sup  Q_(s)  -»  0. 
stC 


proving  the  1< 


Writing  the  statement  in  theorea  4.1  in  the  following  way 

k  d  _ 

— -  (-2-  U  (X  .  .  )  -  F^(x  ))-*!#  (0,4a^) 

_  '  n  nv  n-k  'n*  v  n"  '  ' 

n 


shows  that  — U  (X  ,  .  )  1*  a  consistent  and  asymptotically  normal  estimator 

n 

for  the  behaviour  of  the  tall  of  the  a-th  convolution  power  of  F. 

2.  It  would  be  highly  interesting  for  practical  purposes  to  know  when  the  ratio 


F  (O 


F(*„) 


in  theorea  4.1  can  be  replaced  by  its  liait  a.  To  establish  this,  we 


need  lnforaatlon  on  the  difference 


(5.1) 


F  (xn)  -  «F(xn). 


A  second  order  theory  for  subexponential  d.f.,  providing  the  asymptotic 
behaviour  of  (5.1),  has  been  established  hy  Gaey  and  Willekens  [14], [15].  Using 
the  results  in  [14],  we  know  that  for  a  large  subclass  of  the  difference  in 
(5.1)  behaves  as  $*(*K(xn)  (n-a),  where  p  *  J^xdF(x).  We  then  have  the 

following 
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CprQlUra  5.1 

Suppose  that  the  conditions  of  theoresi  4.1  are  satisfied  and  that 


If  k  is  such  that  nf(x  1  »  o(>dc  )  (n-e*).  then 
n  '  n#  '  n  '  ' 

n 

The  condition  on  kft  in  corollary  5.1  involves  the  density  f  and  shows  that  kR 
Must  not  grow  too  fast  as  nnm. 

In  the  special  situation  that  F  has  a  regularly  varying  tail,  we  have  fora  [14]. 
Corollary  5.2 

Let  Xj.Xg . XR  be  a  sequence  of  i.l.d.  randoa  variables  with  d.f.  F  such  that 

F  is  regularly  varying  with  index  -a.  Suppose  that  (2.2)  and  (2.3)  are 
satisfied. 

1 

If  kR  is  a  sequence  such  that  kR  *  ofn®72  +  l)  and  log3n  a  o(kn)  (n-*®) .  then 

(5  2)  ^>n<Vk  -  ■)  -"  (0.^2) 

n 

Clearly,  if  kR  =  O^og^n)  for  soae  0  >  3,  (5.2)  holds  uniformly  over  the  class 
of  d.f.  with  regularly  varying  tails  which  satisfy  (2.2)  and  (2.3). 

3.  It  Is  well  known  that  the  class  if  can  be  embedded  in  the  family  (if('r),  t  i  0}, 
where  d.f.  F  in  Sf(v)  satisfy 

Urn  -  F  x  2f  ( — r )  <  • 

F(x) 

A 

with  f  the  Laplace  transform  of  F. 

A  similar  result  as  in  theorsm  4.1  can  be  established  for  the  classes  if(-r). 
t  >  0.  but  in  this  case  the  asysptotlc  variance  will  depend  on  F. 
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